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Abstract: A complex neutrosophic set is a useful model to handle indeterminate situations with a 
periodic nature. This is characterized by truth, indeterminacy, and falsity degrees which are the 
combination of real-valued amplitude terms and complex-valued phase terms. Hypergraphs are 
objects that enable us to dig out invisible connections between the underlying structures of complex 
systems such as those leading to sustainable development. In this paper, we apply the most fruitful 
concept of complex neutrosophic sets to theory of hypergraphs. We define complex neutrosophic 
hypergraphs and discuss their certain properties including lower truncation, upper truncation, 
and transition levels. Furthermore, we define T-related complex neutrosophic hypergraphs and 
properties of minimal transversals of complex neutrosophic hypergraphs. Finally, we represent the 
modeling of certain social networks with intersecting communities through the score functions and 
choice values of complex neutrosophic hypergraphs. We also give a brief comparison of our proposed 
model with other existing models. 


Keywords: complex neutrosophic hypergraphs; T-related complex neutrosophic hypergraphs; 
algorithms; comparative analysis 


1. Introduction 


Fuzzy sets (FSs) were originally defined by Zadeh [1] as a novel approach to represent uncertainty 
arising in various fields that was questioned by many researchers at that time. A FS is characterized by 
a truth membership function p which ranges over [0,1]. To generalize the notion of FSs, intuitionistic 
fuzzy sets (IFSs) were proposed by Atanassov [2] because it is not always true that the falsity degree of 
an element in a FS is 1 — ju(x) as there may be some hesitation part. Therefore, the truth (t) and falsity 
(f) membership functions are used independently to characterize an IFS such that the sum of truth 
and falsity degrees should not be greater than one. Fuzzy sets give the degree of membership of an 
element in a given set (the non-membership of degree equals one minus the degree of membership), 
while IFSs give both a degree of membership and a degree of non-membership, which are more-or-less 
independent from each other. Liu et al. [3] introduced different types of centroid transformations of IF 
values. Furthermore, Feng et al. [4] defined various new operations for generalized IF soft sets. As an 
extension of IFSs, Smarandache [5] introduced the concept of neutrosophy to study the nature, origin, 
and neutralities, and the neutrosophic set (NS). A NS is characterized by truth (t), indeterminacy 
(i), and falsity (f) membership functions. A NS is used as a powerful mathematical tool to deal the 
inconsistent data that exists in our daily life. For the practical use of NSs in science and engineering, 
Smarandache [5] and Wang et al. [6] introduced single-valued neutrosophic sets (GSVNSs). A SVNS 
propose an additional choice to handle indeterminate information. Ye [7] proposed a decision-making 
method by using the weighted correlation coefficient or the weighted cosine similarity measure of 
SVNSs to rank the alternatives and proposed an illustrative example to demonstrate the application of 
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the proposed decision-making method. The same author defined SVN minimum spanning tree and its 
clustering method [8]. Ye [9] also proposed a multicriteria decision-making method using aggregation 
operators for simplified NSs. 

The existing models such as FSs, IFS5s, SVNSs cannot handle imprecise, inconsistent, 
and incomplete information of periodic nature. These theories are applicable to different areas of 
science, but there is one major deficiency in these sets, i.e., a lack of capability to model two-dimensional 
phenomena. To overcome this difficulty, the concept of complex fuzzy sets (CFSs) was introduced by 
Ramot et al. [10]. A CFS is characterized by a membership function p(x) whose range is not limited to 
[0, 1] but extends to the unit circle in the complex plane. Hence, ji(x) is a complex-valued function 
that assigns a grade of membership of the form v(x)e), 1 = /—1 to any element x in the universe 
of discourse. Thus, the membership function p(x) of CFS consists of two terms, i.e., amplitude term 
v(x) which lies in the unit interval [0, 1] and phase term (periodic term) a(x) which lies in the interval 
[0,271]. This phase term distinguishes a CFS model from all other models available in the literature. 
Opposing to a fuzzy characteristic function, the range of CFS’s membership degrees is not restricted 
to [0,1], but extends to the complex plane with unit circle. Ramot et al. [11] discussed the union, 
intersection, and compliment of CFSs with the help of illustrative examples. A systematic review 
of CFSs was proposed by Yazdanbakhsh and Dick [12]. To generalize the concept of CFSs, complex 
intuitionistic fuzzy sets (CIFSs) were introduced by Alkouri and Salleh [13] by adding non-membership 
degree v(x) = s(x)e'P() to the CFSs subjected to the constraint r +s < 1. The CIFSs are used to 
handle the information of uncertainty and periodicity simultaneously. The complex-valued truth and 
falsity membership degrees can be used to represent uncertainty in many physical quantities such as 
impedance in electrical engineering, wave function, and decision-making problems. The CFS has only 
one extra phase term, while CIFS has two additional phase terms which are used in several concepts 
such as distance measure, projections, and cylindric extensions. To handle imprecise information with 
a periodic nature, complex neutrosophic sets (CNSs) were proposed by Ali and Smarandache [14]. 
As we see that uncertainty, inconsistency, and falsity in data are periodic in nature, to handle these 
types of problems, the CNS plays an important role. A CNS is characterized by a complex-valued 
truth t(x), complex-valued indeterminate i(x), and complex-valued falsity f(x) membership functions, 
whose range is extended from [0, 1] to the unit disk in the complex plane. They proposed set theoretic 
operations such as complement, union, intersection, complex neutrosophic product, Cartesian product, 
distance measure, and 6-equalities of CNSs and presented an application of CNSs in signal processing. 

The vagueness in the representation of various objects and the uncertain interactions between them 
originated the necessity of fuzzy graphs (FGs) that were first defined by Rosenfeld [15]. He studied 
several basic graph-theoretic concepts (e.g., bridges and trees), and established some of their properties. 
Some remarks on FGs were given by Bhattacharya [16] and he proved that results from (crisp) graph 
theory do not always hold for FGs. To handle the vague and uncertain relations with periodic nature, 
FGs were extended to complex fuzzy graphs (CFGs) by Thirunavukarasu et al. [17]. They studied the 
lower and upper bounds of energy of CFGs and illustrated these concepts through numeric examples. 
Since FGs and CFGs just provide the truth degrees and uncertainties occurring repeatedly, respectively, 
of pairwise relations. To consider the truth as well as falsity degrees between pairwise relationships 
simultaneously, intuitionistic fuzzy graphs (IFGs) were defined by Parvathi and Karunambigai [18]. 
To handle periodic nature of falsity degrees in IFGs, Yaqoob et al. [19] defined complex intuitionistic 
fuzzy graphs (CIFGs). They studied the homomorphisms of CIFGs and provided an application of 
CIFGs in cellular network provider companies for the testing of their proposed approach. To extend 
the concept of IFGs, Broumi et al. [20] defined single-valued neutrosophic graphs (GSVNGs) and 
investigated some of their properties such as strong SVNGs, constant SVNGs, and complete SVNGs. 
Certain operations on SVNGs were studied by Akram and Shahzadi [21]. Single-valued neutrosophic 
planar graphs were defined by Akram [22]. Applications of neutrosophic soft graphs were studied 
by Akram and Shahzadi [23]. To generalize the concept of neutrosophic graphs and CIFGs, complex 
neutrosophic graphs (CNGs) were defined by Yaqoob and Akram [24]. They discussed some basic 


Algorithms 2019, 12, 234 3 of 28 


operations on CNGs and described these operations with the help of concrete examples. They also 
presented energy of CNGs. 

A hypergraph, as an extension of crisp graph, is considered to be the most developing and 
powerful tool to model different practical problems in various fields, including biological sciences, 
computer sciences, and social networks [25]. To deal uncertainty in crisp hypergraphs, fuzzy 
hypergraphs (FHGs), as an extension of FGs, were defined by Kaufmann [26]. Lee-Kwang and 
Lee [27] discussed the fuzzy partition using FHGs. A valuable contribution on FGs and FHGs has been 
proposed by Mordeson and Nair [28]. Fuzzy transversals of FHGs were studied by Goetschel et al. [29]. 
To discuss the falsity degrees of hypernetworks, intuitionistic fuzzy hypergraphs (IFHGs) were defined 
by Parvathi et al. [30]. Akram and Dudek [31] proposed some applications of IFHGs. A method 
for finding the shortest hyperpath in an IFHG (weighted) was proposed by Parvathi et al. [32]. 
They converted an IFN into intuitionistic fuzzy scores and find the IF shortest hyperpath in the 
network using the scores and accuracy values. Akram and Shahzadi [33] introduced SVN hypergraphs. 
Akram and Luqman [34] defined intuitionistic single-valued neutrosophic hypergraphs. The same 
authors [35] introduced bipolar neutrosophic hypergraphs and discussed the applications of these 
hypergraphs in marketing and biology. Transversals and minimal transversals of m-polar FHGs were 
studied by Akram and Sarwar [36]. For further studies on FHGs and related extensions, readers are 
referred to [37-40]. 

The motivation behind this research work is the existence of indeterminate information of periodic 
nature in hypernetwork models. A complex neutrosophic hypergraph model plays an important role in 
handling complicated behavior of indeterminacy and inconsistency with periodic nature. The proposed 
model generalizes the complex fuzzy model as well as complex intuitionistic fuzzy model. To prove 
the applicability of our proposed model, we consider two voting procedures. Suppose that 0.6 voters 
say “yes”, 0.2 say “no”, and 0.2 are “undecided” in the first voting procedure and 0.3 voters say 
“yes”, 0.3 say “no”, and 0.4 are “undecided” in the second voting procedure. We assume that these 
two procedures held at different days. It is clear that a CFS cannot handle this situation as it only 
depicts the truth membership 0.6 of voters but fails to represent the falsity and indeterminate degrees. 
Similarly, a CIFS represents the truth 0.6 and falsity 0.2 degrees of voters but it does not illustrate the 
0.2 undecided voters. Now, if we set the amplitude terms as the membership degrees of first voting 
procedure and phase terms as the membership degrees of second voting procedure, then we can 
illustrate this information using a complex neutrosophic model as, {0.6e!(03)27, 0.2¢!(0.3)27 0.2¢!(0-4)27) 
The aim of the proposed work is to apply the most generalized concept of complex neutrosophic 
sets to hypergraphs to deal periodic nature of inconsistent information existing in hypernetworks. 
The proposed research generalizes the concepts of CNGs, CFHGs, CIFHGs, and overcomes the 
drawbacks occurring in previous research. The proposed model is more generalized framework as 
it does not only deal the reductant nature of imprecise information but also includes the benefits of 
hypergraphs. Thus, the main objective of this research work is to combine the fruitful effects of CNSs 
and hypergraph theory. 

The contents of this paper are as follows: In Section 2, we define complex neutrosophic 
hypergraphs, level hypergraphs, lower truncation, upper truncation, and transition levels of these 
hypergraphs. In Section 3, we define T-related complex neutrosophic hypergraphs and discuss 
certain properties of minimal transversals of complex neutrosophic hypergraphs. We justify the 
proposed concepts through some concrete examples. Section 4 illustrates the modeling of some social 
networks with overlapping communities by means of complex neutrosophic hypergraphs. In Section 5, 
we present a brief comparison of our proposed model with other existing models. In Section 6, 
we discuss the results of our proposed research. Section 7 deals with conclusions and future directions. 
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2. Complex Neutrosophic Hypergraphs 
Definition 1. [5] Let 7 be a non-empty set. A neutrosophic set (NS) on J is defined as, 


N = {(x,tn(x),in(x), fu(x))|x € TI, 


where tn, in, fy : J —]0~,1*| denote the truth, indeterminacy, and falsity degrees of N such that 0~ < 
ty (x) +in(x) + frv(x) < 3°. 


Definition 2. [6] A single-valued neutrosophic set (SVNS) on J is defined as, 
S = {(x,ts(x),is(x), fs(x))|x € Th, 
where ts,is, fs : J — [0,1] denote the truth, indeterminacy, and falsity degrees of S such that 0 < ts(x) + 


tgs ar foe) = 2. 
If J is continues, then 


os / (ts(x),i5(2),fs()) vrew. 


x 
x 


If J is discrete, then 


9 (ts (x), s(x), fa(*)) Geer. 


7 x 
Definition 3. [13] A complex intuitionistic fuzzy set (CIFS) I on the universal set J is defined as, 
T= {(u,tr(uje™, fr(uje™ ue Th, 


where 1 = \/—1, t1(u), fr(u) € [0,1] are known as amplitude terms, ¢;(u), p1(u) € [0,27] are called phase 
terms, and for everyu € J,0 <tr(u) + fr(u) <1. 


Complex neutrosophic sets are defined using SVNSs. 
Definition 4. [14] A complex neutrosophic set (CNS) N on the universal set J is defined as, 
N = {(u, ty (utr, iy (alex, frr(wev™ Iu € Th, 


where 1 = V/—1, ty-(u), in (u), fy (u) € [0,1] are known as amplitude terms, py (u), py (u),py(u) € 
[0,27t] are called phase terms, and for everyu € J,0 < ty(u) +iy(u) + fryr(u) <3. 


Definition 5. [24] A complex neutrosophic relation (CNR) isa CNS on J x J given as, 
R = {(rs,tp(rs)ePRS), ip(rs)e'PR'S), fr(rs)elPR(") Irs € JT x Th, 
where i = /—-1,tr: Ix J — [0,1]),ig: J x J — [0,1], frp: J x J — [0,1] characterize the truth, 


indeterminacy, and falsity degrees of R, and pr(rs), pr(rs), PRr(rs) € [0,271] such that for allrse J x J, 
0 <tr(rs) +ir(rs) + fr(rs) < 3. 
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Definition 6. [24] A complex neutrosophic graph (CNG) on J is an ordered pair G = (A,B), where A isa 
CNS on J and Bis CNR on J such that 


tp(ab) < min{t,(a),t,4(b)}, 

ig(ab) < min{i,(a),i,(b)}, 

fp(ab) < max{f,(a), fa(b)}, (for amplitude terms) 
pp(ab) < min{pa(a),pa(b)}, 

pp(ab) < min{ g,(a), pa(b)}, 

p(ab) < max{W,(a),pa(b)}, (for phase terms) 


0 < tg(ab) + ig(ab) + fp(ab) < 3, foralla,b € J. 


Example 1. Consider a CNG G = (A,B) on J = {c1,C2,c3}, where A = {(c1,0.7e9)™, 0.6e!(08)* 
0.9e 0-77) (c,0.5e95)%, 0.7eO9)™, 0.9eO7)7), (cz,0.8e!-8)7, 0.6e0-9)7, 0.5¢-7)")} and B = oo 
0.5¢4(9-5)% 9. 6et(0-8) 7, 0.62!(0-6)7) (coc3, 0.5¢'(0-5)7, 0.6¢!(9-8) 7, 0.4e!(0.6)77), (cyc3, 0.7¢!(0:8)7, 0.5¢!(0-8) 7 
0.4e(0-6)")\ are CNS and CNR on J, respectively. The corresponding graph is shown in Figure 1. 


(c1, 0.76.9)" 0.68) 0.9¢!(0-7)") 


(co, 0.5205) 0.7e1(0-9)7 0.9e'00-)™) (cs, 0.8e'(0-8)7 0.6e¢00-9)7 0.5e'00-)™) 
(caes, 0.52 ")* 0.6649)" 0.4e''9)") 


Figure 1. Complex neutrosophic graph. 


Definition 7. [14] Let N, = {(u,ty, (we, in, (w)e'?™™, fy, (we? ™)|u © TJ} and Ny 
ey ty, (u)el?re), in , (ue el PN2 (4) a (u)elP%2")|w & J} be two CNSs in J, then 


(i) Ny © No tn, (4) S tn, (4), tn, (U) S in, (u), fru, (4) > fr, (u), and pr, (u) S Pr, (U4), Pry (U4) 
PN, (U), Wn, (U) => Wn, (4) for amplitudes and phase terms, respectively, for allu € J. 


(ii) Ny = No = tn, (u) = tn, (u), in, (M4) = in, (4), fin (4) = fing (u), and gn, (u) = bn, (¥), PN (uM) = 
QN,(U), Pn, (U) = Wn, (4) for amplitudes and phase terms, respectively, for allu € J. 


(iii) Ny U No = {(u,max{tn, (u), tn, (u . (4), (u4)} ,min{in, (), in, (u)}erminteny, (1)-PNg (4) } 
min{ fy, (u), fn, (u) emia a (P23) 1 © Ny U No}. 

(iv) Ny A Nz = {(u,min{ty, (uv), ty, (u) pe Mt Px} max fin, (u), in, (m) Fem Pn (Pn9 
max{ fn, (w), fr, (u) yet (Ann (DI) ay € Ny Ng}. 


IA 


Algorithms 2019, 12, 234 6 of 28 


Definition 8. The support ofa CNS N = {(u,tn(u)e'?h), in (u)e'Pn fry (wets) |u € J} is defined as 


supp(N) = {ultn(u) 4 0,in(u) 40, f(u) A 1,0 < on (u), Pn (u), Pn (u) < 271}. 
The height of aCNS N = {(u,tn(uel?n), in (u)e'Pn™ fry (uje'’s\)|u € J} is defined as 


iN) SdeasinGhee” ee ming 
uEeJ uceTJ ucTJ 


}. 


Definition 9. A complex neutrosophic hypergraph (CNHG) on J is defined as an ordered pair H = (N,,A), 
where N = {N1,N>,--+ , Nx} isa finite family of CNSs on J and A is a CNR on CNSs N;’s such that 


(i) 


PA Agro ery 
OG lator gn 
Pine 
PAC 11, 12,°++ tit 
par({ri,ta,-** tt 
PATO 9 FL 


IN; (T2),- + sin; (11) }, 

max{ fn;,(11), fin; (12), - fn; (t1)} (for amplitude terms) 
min{ pn; (11), Pn; (12), ++ 1 PN; (71) }, 

min{ Pn; (11), Pn; (12)1°°* + PN; (11), 

max{ pn; (11), Pn; (12), ee, pn; (11) }, (for phase terms) 


IN IA IA IA IA IA 


O<tyt+tit+ fa <3, forallry,1ro,--- 1, € I. 
(ii) Usupp(Nj) = J, forall Nj ¢ N. 
A 


Please note that E, = {r1,12,--+ ,11} is the crisp hyperedge of H = (NA). 


Definition 10. Let # = (N,A) be a CNHG. The height of H, denoted by h(H), is defined as 
h(H) = (max Aye!™*?, max Ame!™*?, min Aj,e'™™#), where A; = max te (0K), P = max pg,(0x), 
Am = Max ig, (UK), p = max e, (Uk), An = min fe;(0k), p = min pe, (vx). Here, te, (UK), ig,(Uk), Fe, (2x) 
denote the truth, indeterminacy, and falsity degrees of vertex vx to hyperedge Cj, respectively. 


Definition 11. Let H = (NA) bea CNHG. Suppose that «, B, y € [0,1] and ©,®,¥ € [0,271] such that 0 < 
at+B+y7 <3. The (ae, Be'®, ye'* )-level hypergraph of H is defined as an ordered pair Hae? Bel? ye) — 
(A (we? Bel® re) Jlael®,Bel® ye"), hare 


(i) alee Bene) = eA leeOBE A) | Ase Ay and AMP = fy © FT: ty, (u) > 4, Ga,(u) > 
Oo, in, (u) = B, aj (u) a qd, and fa) < V, Par, (u) < ¥}, 


(ii) N (ae? Be'® ye") = U ea) 
AjEA 


Please note that (xe'®, Be'®, ye'* )-level hypergraph of H is a crisp hypergraph. 


Definition 12. Let H = (N,A) be a CNHG and for0 < a < t(h(H)),0 < B < i(h(H)), 
y > f(hK(H)) > 0,0 < © < (h(H)), 0 < ® < g(h(H)), and ¥ > p(h(H)) > 0 
let Hime,Be ne) — (N (ael® Bel? yet) | A (ae? Bel? ye") ) be the level hypergraph of H. The sequence of 
complex numbers { (aye1, Bye'1, ye'*1), (aze!2, Boe'®2, ye! #2), - my (ane'On, Bne'®", yne!tn)} such that 
0 < ay < & < +++ < ay = t(h(H)),0 < By < Bo < ++: < Bn = i(h(H)), 1 > 72 > °°: > 
Yn = f(h(H)) > 0,0 < QO; < @2 < +++ < On = O(A(H)),0 < ® < O <-- < ®, = e(h(H)), 
and ¥, >¥2>--->¥n = p(h(H)) > 0 satisfying the conditions, 


(i) if tig <0! Sty Bra < BS Be den > YS Ye On < 6 S Op Pig < o = Oe 
pi > p> Vy, then Aer Beta'e¥) — Alanelh Bre, 1Ke™*) and 
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) © YY er) cy iY 
(ii) ACen Bee ETE) CAC Bee Le) | 


is called the fundamental sequence of H = (N,A), denoted by F;(H). The set of (a; ej , Bye el? ee a) 
-level hypergraphs {H (me! Bret ne") ay (arel©2,Brel2,y2e2),... | 44 (ane!On bre, me") is called the set of 
core hypergraphs or the core set of H, denoted by c(H). 


Example 2. Consider a CNHG H = (N,A) on J = {11,12,13,14,15,16}. The CNR A is given as, 
A({r1,12, r3}) = (0. 6e!(0-6)27 20; 4e!(0.4)27 0; 3¢1(0. Bee), A({r, ii\\= (0. Set(0-8)27 AO: Bet(0.5)27 ,0. 4e!(0- somiae 
A({r3,ra,r5}) = (0.3e' (03)27 9.2¢' (02)27 9.16! ery, and X({11,15,t6}) = (0.3e! (0.3)2 0.2¢4(0.2)27 

0.1e(9-1)27). The corresponding CNHG is shown in Figure 2. 

Let 


) (0. 9e' (0.927 ,0. 7 el(0. 7)27 ,0. 6¢e!(0- ei) 
aze3, B3e'®3, yge!'3) = 00. 6¢e!(0-6)27 40: Ael(0A)2n 0. 3et(0. 3)2n) 
) (0. 3e' (0.3 jar 0.2¢!(0.2)27 Ongtrs), 


y 


1(0.8)270 zi Bel(0.5)27 0.4¢!(0-4)2% 


y 


Please note that the sequence { (ae, Bye, yye"*1), (ape'©2, Boe'®2, yne"t2), (a3e'3, B3e'P3, y3e'*3), 
(wae, Bye’, aes)y satisfies all the conditions of Definition 12. Thus, it is a fundamental sequence of H.. 
The corresponding (aje Be , Bje el? iyie F))-Level hypergraphs are shown in Figures 3-5. 


frign.neOO™ 052°", 0.4e04?") (ro, 0.7e(0-7)2 


‘ 0.4e¢(9.4) 27 


, 0.36e4(0.3)27 
»0.3e ) ) 


(uece-0)7?F'0 * uz(¢-0)729'0 * ve(g0)728'0) 


en 
On (rs, 0. 30 3)20 ,0.2€ L(0.2)27 0. Le! (0.1) )2m) Ros 


Figure 2. Complex neutrosophic hypergraph H. 
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TL 
Ta 
aylare’3 Bie?) yi e'¥1) 
TP 


ay lazeO? Bret ?? ye?) 


Figure 3. 71(m1°r bret ne), 44 (a2e®2,bre"2,72¢"2) evel hypergraphs. 


+ r 
ry 4 T3 
e e 
3 
eS 


Figure 4. 7 (*3¢°9Bse*3.13¢") Jevel hypergraph. 


Figure 5, #1 (40+ Bse,14¢"*) level hypergraph. 


Definition 13. A CNHG H = (N,A) is ordered if c(H) is ordered, i.e., if c(H) = (H(mreOL Bie me), 
FY (are? Prel27202). gy(aneO" Bue") then {Ff (mCOU Bret el) CK 44 (are'O2, Bre P2,y2082) 
SG Planer Puen neler) 

A CNHG H = (N,A) is simply ordered if c(H) is simply ordered, i.e., ife € Ej41 \ Ej, thene £ Jj. 
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Example 3. Consider a CNHG H = (N,A) as shown in Figure 2. The set of core hypergraphs is given as, 
c(H) _ (p(ere' pie? met ) By (02002 /Bre'?2 yze!t2 ) 94 (03013 Bae'®3 vy3e!'3) 9 (ase Bae'?4 yne™4) } 


where 


ay (mie piel met) _ 


( ), Ar = {ra}, Ei = {}, 
pleat riba ee) = (Sa, Ey), Ta = {ruta}, Ex ={ {ruta} be 
please BoeS3yge"3) ), Fs = {11,12,13, 14}, Es = {{11, 14}, {11,172,173} }, 
( ), Ia = {11,12,13,%4,15, To}, Eg = {{r1,ra}, {1112.13}, (11,15, 76h 


, {rs, ‘4, r5}}. 


H. (age'O4 ,Bge'P4 yye*4) 


Please note that 


ay (are Bre n1e"1) 44 (arel©2 Prel®2,y2e¥2) ay (aze'3,Bse'*373e%3) gy (gels PaelPs pac) 
Hence, H = (N,A) is an ordered CNHG. Also, H = (N, A) is simply ordered. 


Definition 14. A CNHG H = (N,A) with Fs(H) = {(a1e!, Bie'®1, y1e"*1), (are2, Bre'2, y2e'*2), 
», (ane'", Bye’, Yne gag: is called onunaly elementary if for every A; € Aand fork € {1,2,---, 


LQ 1D, 
n}, 1 ae pee ve) = = nine Bae kne*) ), for all w € (e414), B € (Besa-Bel ¥ € (Yev1 Ye], © € 
(Ox+1, Ox], ® € (Se, Pu), and ¥ © (Peri, Pex]: 


Definition 15. Let N be a CNS on J. The lower truncation of N at level (ae, Be'®, vel), 0<4,8,7 <1, 
0 < ©0,®,¥ < 27, is the CNSS Ni(ae®,Bet® defined by, 


rye'®) 


; (el Mieet® sions (x) ty (x)elPn (x), if xe N(ae® Be? 7e®) 
N (ae! por® yet )] ~~ 0, 


otherwise. 


: . i * © D sd 
: IPN (get® pel ye) Gh in (x)etPn(), if x © N(ae® pee") 
1N (x)e Ber — 

[(ae!© Bet® vel )] 


0, otherwise. 


, : 1O polP ~ oF 
fr (ce)eP Mae pet? net®))* x) - {he Jetn(*), if x © N(ae Bere") 
[(ae® Bet® ye! )] 


0, otherwise. 


Definition 16. Let N bea CNS on J. The upper truncation of N at level (xe'®, Be'®, ye'*), 0 < x, B, y <1, 
0 < ©,®,¥ < 2, is the CNSS NI(ae® Be 1") defined by, 


, 1O pAI® ,,1¥ 
ae'®, if x € N(aet pel ye*) 


ip NO pot® vol y) (X) 
t xe'® pol yol¥ (x)e ni(ae pel ye! * )] = 7 
Nilae!® pe'® ye" )] ty(x)elfn(*), otherwise. 
pe, if xe N(ee,pe% 707), 


i © BelP ify) (x) 
u OD BelP elt (x Je Plc (ae! pel ye - 
el in(x)e'?N, otherwise. 
: 1O pt , tt 
iD ((ne®,por® yet] (%) _ yelt, if x € N(ae Bere") 
Frt(aet® pet® ret) (x)e N U , _ ; . 
fru(x)e 'Pn(*) otherwise. 
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Definition 17. Let H = 


(NA) be a CNHG. The lower truncation Hy 2 ,pe®e'¥)) Of H at 


level (we'®, Be'®, ye'*) is defined as, H(ae® por? ye'¥)] = (Ni (aer® pe ye) AI (ae! Be'®,ye"¥)] ))» where 
Ni (ae'®,Be'® ye"¥)] = {Ni(aer®,pe®,ye¥ | |N E N}. 


The upper truncation HI (ae? Be? ye") of H. at level (ae'®, Be'®, -ye'*) is defined as, (ae? Be? ye) — 
(N[(ae,Be®re™)] A Llae'® Bere )1)) where Ml(ae',Be® ve*)] — { Nl(ae®,Be'® ye™)] IN EN}. 


Definition 18. Let N be a CNS on J. Then, each (we, Be'®, ye'*), such that a € (0,t(h(N))), B € 


(0,i(h(N))), 7 € (0, f(A(N))), © € (0, p(R(N))), ¥ € 0, p(h(N))), and ¥ € (0, p(h(N))), for which 
Nise Bet ve?) — Ny lael®,Be®,re"") is called a transition level of N. 


Example 4. Consider a CNHG H 


(NA) as shown in Figure 2. The (0.6e!(0-6)27, 
0.4e'(0-4)27, 9.3¢'(0-3)277)_Jevel hypergraph of H is shown in Figure 4. Then, the lower truncation 
Ho 6e1(0-6)27 9 4et(0.4)27 9 30t(03)2r)) — (Ni (0.601(0.8)27 0,4ot(0-4)279,39(0:3)27)], A (0.6e1(0.6)27,9,4et(0.4)27,9,36t(03)2))) of H. is 
a CNHG on J, = {11,12,13,14} as given in Figure 6. 


(1, 0.8¢4(9-8)2*,0,5e4(0-5)2*,0.4e0-4)?4) (rg, 0.7e4(0-7)2",0,4e'(0-4)2", 0,3¢4(0-3)2") 


(0.62, 0.4e¥2",0,3e'O2") (73, 0.6e'(0-6)2", 9. 4eH(0-4)2m, g,ger(0.8)2m) 


Figure 6. Lower truncation of H. 


Not that i = UN 


oe [(0.6e1(0-6)2rr 9 4er(0.4)2re 9, 301(0.3)277))- The upper truncation 
€ 


(A [(0.6e1009)2,0.4e1(04)27,9,36H(09)27)] JI (0.6e'06)?7,0.4e'(0-4)270.3¢'(03)?7)] of 
H isa CNHG on J = {11,12,13,14,15,16} as given in Figure 7. 


44 [(0.6¢'(0-6)27 9 4e'(0-4)27 9) 3¢1(0.3)27)) 
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(ry, 0.6€"(0-9)2" 0.440.402, 0.3e1(0-9)2n) (r2, 0.6e(0-8)2™ 9 det(0-4)2™ 9 3e1(0.3)27) 


(0.6e'09)2t 9. 4e'0-4)2™ 9 3¢1(0-3)2t) (13, 0.6e%(0-6)2" 9, 4e4(0.4)2m 0.3e4(0-3)2m) 


e 
9 (r6, 0.3e¢(0-3) 2 (0.2) 27 (0.1) 20 
, , 0.2 ,0.1e4(0-1) ) 
“oO e 
es e 
* (5, 0.3e4(0-3)2m 9, 9¢1(0.2)27 0.1e(0-1)2r) 


Figure 7. Upper truncation of 1. 


Definition 19. Let H = (NA) be a CNHG. A complex neutrosophic transversal (CNT) t is a CNS of J 
satisfying the condition E'S) \ tS) 4 @, for all € € A, where h(€) is the height of é. 

A minimal complex neutrosophic transversal T is the CNT of H with the property that if t C %%, then Tt is 
not a CNT of H. 


Let us denote the family of minimal CNTs of H by T;(H). 


Definition 20. A CNT t with the property that qlaer® pe? ye) £ (FH (ae, Be? ve) ), for all x, B, y € [0,1], 
and ©,®,¥ € [0,271] is called the locally minimal CNT of H. The collection of all locally minimal CNTS of H. 
is represented by T;*(H). 

Please note that T;*(H.) C T;(H), but the converse is not generally true. 


Definition 21. Let N be a CNS on J. Then, the basic sequence of N determined by N, denoted by B,(N), 
is defined as { (aye1, Bye'™1, yye'F1)N, (aze!2, Boe!®2, yoe't2)N, ++ , (ayer, Bre", yne' tN}, where 


Gi). day. Bp eek Die Bay Pa Se ee Be Pe ee ee oe Or oe Op So ieee Oy 
By Sig Se, Pi. Vo ee 

(ii) (ayer, Bye!P1, yye"*1) = h(N), 

(iii) {(aze'©2, Bye!®2, yrel#2)N,- ++, (ane’", Bre’, yne't") } are the transition levels of N. 


Definition 22. Let B;(N) = { (aye, Bye!®1, y,e!F1)N, (a pe'©2, Boe'®2, ye! #2). a (ane, Bne'?n, 
yne'*")N} be the basic sequence of N. Then, the set of basic cuts B,(N) is defined as, B(N) = 
{N(e® Be 7")| (ye!®, Bo!®, ye"¥) € Be(N)}. 


Lemma 1. Let H = (NA) bea CNHG with F,(H) = {(ae', Bye'™, ye"), (aze'©2, Bye!®2, ye" #2), 
aaa (ane, Bne'?", ynetn)}. Then, 


(i) If (we'®, Be, ye'*) is a transition level of t € T;(H), then there exists an ¢ > O such that for all 
a, € (a a+el, Bi € (BBt+eL, nN € (~y+el, O1 € (O,O+e], OB € (®OG+e], Fy € 
(¥,¥ +], rive-Be*7e™) is @ minimal Hae? -Be?71e") transversal extension of tebe ne) 
Ley.if rae Bre ne1) CEC qlae®,Be®,7e") then C is not a transversal of TH (ae® Bel? ye) 

(ii) T,(H), i.e., the collection of minimal transversals of H is sectionally elementary. 

(iii) F;(T-(H)) is properly contained in F;(H). 

(iv) clneBeP re") © T,(FleeOBe®7e")) for all t € T,(H) and for every a2 < a < a4, By < B < Br, 
Woy] y1,Or7< O= O10, = 0 5 Oy, To ot ST 
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Definition 23. Let H = (N,A) be a CNHG. The complex neutrosophic line graph of H is defined as an 
ordered pair 1(H) = (N,A,), where N; = A and there exists an edge between two vertices in 1(H) if 
|supp(Aj) Asupp(Ag)| = 1, for all Aj, Ax € A. The membership degrees of I(H1) are given as, 


(i) Ni(Ex) = A(Ex), 
(ii) A (EjEq) = (min{t, (Ej), t (Ex) pe ns Ga FO, min fi (E}), in (Ex) pe int Pa Fe, 
max{ fy (Ej), fa (Ex) pe mtn Ep) Pa Ee), 


3. T-Related Complex Neutrosophic Hypergraphs 


Definition 24. A CNHG H = (N,A) is N-tempered CNHG of H = (7,E) if there exists H = (J,E), 
a crisp hypergraph, and a CNS N such that A = {6e|e € E}, where 


min{ty(x)e'™nton()} |x Eel, if u ce, 


ts(u)elPo) = 


0, otherwise. 


F ( ) 195(u) min{iy(x)e!minten (2) |x e e}, if uée, 
0, otherwise. 


max{fy(x)e'm™ton()} |x Cel, if uce, 


0, otherwise 


flee) = | 
An N-tempered CNHG H. = (N,,A) determined by H and CNS N is denoted by N ® H. 


Definition 25. A pair (G, J) of crisp hypergraphs is T-related if whenever g is a minimal transversal of G, k is 
any transversal of J, and g C k, then there exists a minimal transversal t of J such that g Ct Ck. 


Definition 26. Let H = (N,A) be a CNHG with F;(H) a 
{(aye1, Bye, yet), (aze!2, Boe!®2, yoe"t2),. my, (ane, Bren, yneltn) i. Then, H is T-related 
if from the core set 


104 1D eT 1O LD ee) 1On B et®n Ln 
c(H) = {H™* Pye 1,41e ) Ay (ore Bre 2,72e Re a Bue" ,Yne yy 


1; 1D; ry, 1Q;__ 1D, hs eae 
of H, every successive ordered pair (H(i ‘Bie re 1), qy(@iae Bae Uae ')) is T-related. 
If F;(H) contains only one element, H is considered to be trivially T-related. 


Theorem 1. Let H = (NA) bea T-related CNHG, then T,;(H) = T; (H). 


Proof. Let H = (NA) be a T-related CNHG with F;(H) = {(aye1, Biel", ye"), (are, Boe'™2, 
ye't2), +++ , (ayer, Bye’, yne'*") 1. Then, there arises two cases: 


Case (i) First we consider that F,(H) = {(a,e1, Bye1, y,e'*1)}. Then, Lemma 1 implies that for 
each & € T,(H), Zac Bere) €& T, (Fle? Bere") for allO < a < t(h(H)),0 < B < 
i(h(H)), y > f(A(H)) > 0,0 < O < P(hK(H)),0 < ® < g(h(H)), and ¥ > (h(H)) > 0. 
Thus, T;(H) = T(H). 

Case (ii) We now suppose that |F;(H)| > 2. Since, T7(H) C T,(H), we just have 
to prove that T,(H) C T*(H). Let € € T,(H), and Eebie ime)  C 
e(aze'O2,fre'®2,y20¥2)_ AS e(are'1 Bye e*1) E T, (Hime Bie ne1)), e (aze'O2,Bre'®2,y2e'¥2) E 
T; (71 (are? Boel? yael¥2) and the ordered pair (71 (2202 Brel®2y20"¥2) 94 (are Bret me"1)) is 
T-related. If e (42092 Brel? y2e!¥2) ¢ Ty (PH (a2 02 Boel? ze") ) then there exists a minimal 
transversal T of H,(#2¢°2-B2e°2,72e"2) such that Eee Bre 71e"1) CS py C Elarel2,Bre2/120%2) 
Hence, we obtain a CNT 6 of H such that 5 C @ Let e(meh bret ne"!) = 7 and 
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5 = Elase3,Bae"8,73¢""5) L) 9 Mp1, where pz is an elementary CNS with support % and 
height (ape, Bye!k, ype"Fk), k = 1,2. This contradiction shows that @ (age'O2 ael2,y20N2) 
T; (FL (22002 Bael2,7208%2)), Then, Lemma 1 implies that g(ael® el? ye") € T, (Hae? Ber ve) y, 
for a € (a3,01], B € (B3,Bi)l, y € (73,1), © € (©3,@1], ® € (B3,H1], ¥ € (¥3,¥1]- 

Oo D hd D bd 
Continuing the same recursive procedure, we show that &(“e™ Be™71e") © T,. (Fae Bere") ), 
for each a € (0,a3], B € (0, Bi],  € (0, 11], © € (0, 04], ® € (0,04), ¥ € (0, ¥)]. 


Example 5. Let H = (NA) bea CNHG represented by the incidence matrix as given in Table 1. 
Please note that 


1(0.9)270 (0.9) 270 1(0.9)270 i 2 he do. a 
Dee RTOS = AN tia eA finda be diaviah be 

1(0.6)270 1(0.6)270 1(0.6)270 Ce ee we, ee ae dee a 
aoe eee BOD) x ANG Sanjay irda tabs (iota ist h 


1(0.3)270 1(0.3)270 1(0.3)270 oe oak toa on ee ee nae ry ae 
Alors aoe alae ) => {{j1, jo, ja, i5}, (1, f3, 4, i5}, {j2,j3, j4, js} }- 


Clearly, Fs (H) = { (0.9¢(0-9)27, 0.9¢!(0.9)27 0.9e!(0.9)277) (0.6¢'(0-6)27, 0.6¢!(0-6)27 0.6e!(0.6)277) 
(0.3¢!(0-3)27, 0.3¢e(0:3)27, 9.3e(03)27)1. Also, T,(H) = {t, T, 73} = Ti (H), where 


q = (Gy OperP" a92 FF" (0729) G5 0.982 gag OrP pogW en) 
t = {(j1,0.9e07)2%, 0.9077 pj oetOF)2r) (7, 0.9202)" pget0-F27 g.g¢h09/27)\) 
= A oO Der P get )A™ Goeller) ia 0.oeMle GigE Pn goeht Alen) y 


Since, {ja, js} Ee T, (Ho 6e!(0-6)27 9 Get(0.6)27 0) Get(0.6)27) )) aad ca E T, (F (0.3e!(09)27,0.3eH03)2n,9.364(03)27) 
i.€., 10 minimal transversal of  H 3eH(09)7,0,3e'(09)2",0,3€H03)2r) contains {ja,j5}- 
Thus, (74 (0.62409 0.66409)? 0.66K008)2") j 4 (0.32109), 0.3eH09)27,0,3009)2n) is not T-related, therefore H is 
not T-related. 


Table 1. Incidence matrix of CNHG H = (N, A). 


I AM A2 A3 

i (0.9e(0-9)27, 0.9e!(0.9)27 0.9e!(0.9)27) (0.9e'(0-9)27, 0.9e!(0-9)27 0.9e'(0.9)277) (0, 0, 1) 

jo (0.9¢!(9.9)27 9,9¢(0.9)27, 0.9e!(0.9)277) (0, 0, 1) (0.9e! 1(0.9)27¢ ,0. 9e! (0.9)27 ,0. 9et( 1(0. 9)27) 
is (0,0,1) (0.92(0-9)27, 9.9¢0-9)27 Q.g¢09)27) — (0.9e! H(09)2m g.geH(09)20, U.9eO)27) 
ja (0.6¢!(9-6)27, 0,6¢#(0.6)27, 0.6¢!(0-6)27") (0. 6e! (0.6)27 ,0.6e! 1(0. 6)27 0) e! (0. 6)2m\ (0.3e! 1(0. 3)2n ,0.3e! (0.3)27 ,0.3e! (0.3)27) 
is (0.3e'(0-3)27 9,3¢!(0:3)27, 0.3¢!(0.3)277) (0. 3¢! (0.3)27 ,0. 3e!(0. 3)27 Q 3¢(0.3)27) (0.6e! 1(0. 6)20. ,0. 6e! 1(0. 6)20. ,0. 6e!(0- .6)27 


Theorem 2. Let H = (NA) be an ordered CNHG, then T,(H) = T;\(H) = H is T-related. 


Proof. In view of Theorem 1, this is enough to prove that T,(H) = T;*(H) implies H is T-related. 
Suppose that F,(H) = {(ae1, Bie"! ye"), (ape!2, Bye'®2, qpe"¥2), * (Age, Bue! Yae™*)} 
and H is not T-related. Here, we obtain € € T;(H) such that ¢ ¢ T;(H). Assume that 

. (ae? p,e*i y;e'77) (0, OF B. ari ye, et ) . = 
the ordered pair (H'%/° “Pi€ “TH 9), HMI j+1 i ) is not T-related and c(H) = 
{Hare Bre ne"), gy(arel©2 ae2r2e"2) ... gy(ane'" Bue" 70e™")\. Then, there exists a CNT % such 
that % € Ty (H (Ke Bee's mek) ) and % C T|11, where 


© © 
Tey & To (Bee Bere ee 1) ) 


10 ui L 
satisfying the condition that N is not a minimal transversal of H(*+1° Pet Bee yee +1) foe every 
N, % GC N C Jy. Since, H = (N,A) is an ordered CNHG, then By (mee pre, 7Ke*k) Cc 


vp 1 Ok+1 tPe yy Ee x44 Px Ek 
Hwee HE Bee Lae") therefore %] is not a transversal of P(e Bee re 1) | 
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for otherwise T € T, (eer Beye ML Tee kt ‘)), which is a contradiction to our assumption. 
Let 6 be an arbitrary CNT of FH (arr Bere ne 1) such that T COC Ti. Now, if % C 
Q c 6, then Q is not a crisp transversal of FA (ek Baye reH epee) As we know that 
d¢€ Ty (Hee Beye 1 744101) ) and ]% C 6. Thus, we can obtain a minimal CNT ¢ of H 
such that ¢ ¢ T;*(H). First, we compute a minimal CNT ¢; of 4 (meer Bree *) where T] is the 


10, 1D fey 
ye K+1 Brive K+1 ype k+1) 


top level cut of € at level (ae'r, Bye'®«, y,e"Fk) and satisfies glee C Tay. 


Then, Lemma 1 implies that the (op 4.,e°OkH1, Bry 1ePeH1, Yep ent! )-cut, gles Besse nease FH) 
of ¢; should equal to some 6 that satisfies % C 6 C ] and % C Q C 4, then Q is not a 
crisp transversal of #1 (210° Bete 7e1e" 1) Thus, we obtain & € Ty (Heer Bre'*-nee"**)) \ 
ve (71 (axe'°k BrelPk pe *k) ). 

We now assume that (a;,e'k, Bye!Pk, ypeFk) C (aye, Bye, ye'F1). Since, H is ordered, 
then there exists an ordered sequence tk 2 tp_1 D ++: D t Of crisp minimal transversals of 
FY (Kee, Brel Pk yKe*) | 94 (012k Bye yy ye) wee Flare Bret. y1e71) respectively. Let ; be 
an elementary CNSS with support ¢; and height ¢;. Then, ¢ = p; U--- Up;_1 Ud such that € € T,(H) 
and ¢ ¢ T;(H). 


Corollary 1. Let H = (N,A) be an ordered CNHG with F3(H) = {(oe', Bye, y1e'*1), (are, 
Boe'®2, ype'*2), - Meg (ane, ByelPn, ynettn)} and c(H) = {H' (ay e!1 Bye! 1 vie™1) 44 (age'©2,Bye'®2y20"¥2) 
44 (ane'n Puen /ynetn ) "i 


an 
If an ordered pair (H“i wet pyeh age) iaine PH Bell Lajaae ')) is not T-related, then 


GW) (apse, Bare, ype") € F,(T(H)). 
(ii) (aj 410" H+, Bisse PH, yi 476 i+) is a transition level for € € T,(H) \ T*(H). 


Example 6. Let N = {(u,tn(u)e?n™, in(u)ePn™, fy(u)e?y lu € J} be a CNS on 
J = {41,42,03,44,45,0¢6,a7} such that N(a7) = (04e' (0.4)27 9 de! (0.4)27 9 4et(0.4)27) and N(a) = 
(0.9¢!(0.9)27, Q,g@H(0.9)27 Q.geH(0.9)27) for alla € J \ {a7}. Let H = (7,E) beacrisp hypergraph on 7, where 
E, = {a1,42,a4}, Ey = {a,03,a4}, Ez = {a4,45,a6}, Eq = {41,05}, and E5 = {a5,a7}. Then, N-tempered 
CNHG H = (N,A) is given by the incidence matrix as shown in Table 2. 

Here, 0 = (0,0,1), 0.9e'(9)27 =(0,9¢!(0.9)27, 9, geH(0-9)27, 9.9¢(0-9)27) and 0.4e!(0-4)27— (0,4e!04)27, 
0.4e!(0.4)270_ 0.4e!(0-4)277) Please note that F;(H) = { (0.9¢'(0-9)27, 9.9eH(0-9)27 9 get(0.9)27) (0.4e!(0-4)27, 


0.4eH(04)270 0.4eH(04)277)} and c(H) = (4 (0.94092 0.96109)2n p.get(09)2m) 44 (Oct? 0.40042 0,got(04)2) 
where 
gf 0:9e09)2F p.a—09)2r 9. 920#)2r) Se Ae ee 
Ey = {{41,a2,a4}, (41,43, 44}, {445,46}, {41,45} }, 
je ee) (Ja, 2), Fo = {01, 42, 03, 44, 05, 06, 47}, 
Eo = {{41,42,a4}, {a1, 03,44}, (44, 45,46}, {01,45} {45,47} }. 


Please note that 


faaaat c cL (74 (0.94 1(0.9) )27 9. 9et(0.9)27 9 ger( (0.9) yy {a, aa} ¢ a (74 0.40" 1(0.4) 2m 0.se0A2r 0.4eX(04)2n) 


. 0.4)2 0.4)2 0.4)2 a 
{a1,@4,a5} is a transversal of 4 (04927 0.400427 0.4e°227) byt not a minimal transversal. 


(H. (0.9¢4(0-9)27 9, get(0.9)27 9 get(0.9)27 YW (0.4e! (0.4)270 9 4et(0-4)27 9 get(0.4)270) ) 


Therefore, the ordered pair as well as H is 


not T-related. 
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Table 2. Incidence matrix of N-tempered CNHG H. 


H. M1 Ao A3 Ma As 
ay 0.9¢!(0-9) 27 0.9! (0-9) 27 0 0.9¢!(0.9)27 0 
ay 0.9e! (0.9) 27" 0 0 0 0 
a3 0 0.9e!(0-9)27 0 0 0 
a4 0.9¢! (0.9) 27 0.9e!(0-9)27 0.9e! (0-9) 27 0 0 
a5 0 0 0.9e!(0-9)27 0.9¢! (0.9) 27 0.4! (0-4)27 
a 0 0 0.9¢'(0.9)27 0 0 
a7 0 0 0 0 0.4¢'(0.4)27 


Remark 1. 


e Example 6 shows that there exists some ordered CNHGs that are not T-related. 

e Every simply ordered CNHG H. = (N,,A) satisfies (T;* (71) (ae Be® vel) = Ty (Hae Bee"), for all 
a € (0,t(h(H))], B © (Gi((H))]L 7 € O, f(h(H))], © € (O,p(h(H))], ® € (0, p(h(H))], ¥ € 
(0, p(h(#))). 


Lemma 2. Let H = (J,E) bea crisp hypergraph and j be an arbitrary vertex of H. Then j € € € T,(H) = 
j © Ex € E such that for any hyperedge E; # E; of H, E; £ Ex. 


Proposition 1. Let Hy = (4%, £1) bea crisp partial hypergraph of H = (J,E) that is obtained by removing 
those hyperedges of H = (7, E) that contain any other edges properly. Then, 


(i) T;(Hi) = T-(H), 
(ii) UT;(H) = J. 


Definition 27. Let H = (NA) be a CNHG. The join of H, denoted by J(#), is defined as, J(H) = U p, 
pea 


where A is the CN hyperedge set of H. 

For every « € (0, t(h(H))], B € (O,i(hCH))], ¥ € 0, FURCH))], © € 0, P(h(H))L ® € 0, pA(H))I, 
© € (0,p(h(H))], the (ae®, Be'®, ye" )-level cut of J(H), ie., (J(H)) ee Pee") is the set of vertices of 
(ae, Be'®, ye'*)-level hypergraph of H, ie., (J(2)) (oe? Be ve) = FT (Hee? Be? ye), 


Lemma 3. Let H = (NA) bea CNHG and  € T,(H). If j € supp(), then there exists a CN hyperedge p 
of H. such that 


Gi) (7) =h(p) = (7) > 
Gi) Zh) mph) = {7}. 


Proof. Let jp € supp(€) such that € € T,(H) and E(jo) = (aoe, Boe’, yor). Since every 
¢, that is a transversal of H contains a transversal € such that € C j(H). This implies that 
jo & N (oe, Boe'?,y0e'M) — 7 (74 (00% Boe'",70e)). Therefore, there exists at least one hyperedge p 
of H such that p(jo) > (aoe, Boe’, yoe'?). Let A = {Az,A2,-+-,Am} be the set of hyperedges 
of H and p(jo) > (aoe, Boe'?, yoe'??). We now prove that there exists at least one A, € A 
such that h(A;) = (ape'??, Boe'?0, yoe'¥0). For otherwise, we have h(A,) = (age!Pk, Bpel?k, ypelPk) > 
(age’P, Boe!?, yoe'"), for all Ay € A, k = 1,2,---,m. This implies that for every Ay € A, 
there exists an element uz € supp(€) such that uz € (Ag) (axe? Bre! ree"Pk dn e(ane'k BrelPk yeh) 
for (ape'?k, Bre'?k, ypel¥k) > (age'?, Boe'?, yoe'?0). Since, E(jo) = (ape'?, Boe’, yoe'#), then h(Ax) = 
(ape'Pk, Bpel?k, ype¥k) > (age!?, Bye!?, ye) and uz € (Ag) ae Brel? ree) nN E (arpe'Pk,Bre'Pk ype"? ) 
imply that u, A jo, k = 1,2,--- ,m. If these hold, it could be shown that ¢ ¢ T,(#1) by computing a 
CNT 6 of H that satisfies 6 C ¢. This argument follows form the fact that 7 and A are finite, there 
exist intervals (ao — €, a9], (Bo — €, Bol, (Yo — €, Yol, (fo — 27€, Po], (Po — 271€, Po], and (po — 27t€, P| 
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such that He" Be? re?) — 74 (00% Boe’? 106) on (ag — €, ao], (Bo — € Bol, (v0 — € Vol, (fo — 27€, Po], 


(po — 27, po], and (yf — 27te, fo}. 
Define 5(u) as 


ey = {0 if uA jor te) = {i if w A jor 
ag—eée, if u= jo. fpo-—e, if u= jo. 
fale) = | if u 4 jo, aay = {, if u 4 jo, 


yo —€, if U = jo. goo —27e, if u = jo. 


asey = | 20 if uF jo, atu) = {HE if u Ajo 


~o—27e, if u=jo. ‘ Yo —27e, if u=jo. 


Clearly 6 C @ and 6 is a transversal of H. Also, g(*0?-Boe'?,r0e'%) \ fig} contains {u,|k = 
1,2,--+,m}. Therefore, E(*0e",Boe'?,r0e'%) \ fig} is a transversal of H(0eBoe'”,10e') The same 
argument holds for every 1%" 6e'?1¢""), where a € (a — €, a0], B € (Bo —& Bol, ¥ € (Yo —& Yo], 
~ € (fo —27€, 0], P € (Po —27€, Po], P E (Po — 2rrE, Po]. Since, Hie BePire#) — glae*spePye*) 
for all a € (0,t(h(H))] \ (ao — €,ao], B € (0,i(h(H))] \ (Bo — €, Bol, ¥ © (0, f(A(H))] \ (10 — & Yo], 
~ € (0, p(h(H))] \ (fo — 270€, Pol, p € (0, p(A(H))] \ (Po — 270€, Po], # € (0, P(h(H))] \ (Ho — 27, po]. 
This establishes the existence of p € H for which p(jo) = h(e) = E(jo) > 0 

We now suppose that every hyperedge from the set A = {Aj,A2,--- ,Am} with height ¢(jo) 
contain two or more than two elements of 20%" -Boe'*?-70e") \ {jg}. BY repeating the above procedure, 
we can establish that ¢ ¢ T,(H.), which is a contradiction. 


Example 7. Consider a CNHG H = (N,A) on J = {u1,uU2,U3, Ug} as represented by incidence matrix 
given in Table 3. 

Here, 0.7¢!(0.7) 27 — (0.780 2% Q 7eh0-2" O72), 0.9e!(0.9)27 — (0.9e!(0-9)27, 0.9¢!(0.9)27 
0.9e(0-9)27), Q.4et(0-4)27— (9.4e(04)27 9. 4e(0-4)27 Q.4e(04)27), Then, we see that Ay, Az, and As have no 
transitions levels and (0.4e!(0-4)27, 0.4e!(0.4)27 0.4e!(0.4)277) is the transition level of Az and A4. The basic 
sequences are given as, 


B;(A1) = {(0.7e’ (0.7) 27 0. 7e! MOVIE Q7ehO ery 

Bs(Az) = {(0.9e'(09)?7, o.ge(0-9)27 g,geH(09)27), (Q.4et(0-4)2m Q,get(04)27 9 gei(0-4)27) 

Bs(A3) = {(0.9e!(9-9)27, 9, g¢'(0.9)277, Q,geH(0.9)27)) 

Bs(Aq4) = {(0.7e’ 1(0.7)270 ,0. 7e! OLR 7a ee), (0. Ae! 1(0.4)270 0: Ae! 1(0.4)270 0; 4el(0. Ajay) 
(As) {(0.4e(04) 1(0.4) 


27 ,0.4e! 0.4 2m 9 4¢!(0.4)27 }. 


Thus, 
( ) yore (0.7)27 9. 7et(0.7)27 9. 7¢t( mae 
(0-9! 1(0. 9)27 ¢ get(0- 9)27 9. 9e4( (0.9) a) 1 0-set(04)27,0.461(04)271,0.404(0-4)27) 
(Az) Ay Aj }, 
0.9e!(0.9)27 Q get(0.9)27 0.9¢'(0-9)27) 
Be(As) = {Ay } 
3 , 
( ) TO ama lal alae ee 


1(0.4) )27 0 de! (0.4)27 0.4e! (0.4) oi 


a {av Ael( 
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Also, we have F;(H) = { (0.9e!(0.9)27, 9.get(0-9)27, Q .Qet(0.9)27) | (0.4e!(0-4)27, 0.4e!(0.4)27 0.4e!(0-4)27) 1 


rr | c(H) - {H. (0.9¢!(9-9)27 9, g¢t(0.9)27 9 get(0.9)27) 3 0el 047 0.4eH(04)2r, 0.getl04)27) 4 where 


4 (Ose ager p.oe09)2r) 


{{u1, U2, U3}, {u1, U2}, {u2, us} }, 


{{u1, U2, U3, us}, {u1, Ur}, {u1, uz, ug}, {u2, u3}, {u2, U3, ug}}. 


AQ (0.4e'(04)27,0.4e! (0.4)27 9 4e!(0-4)27) 


We now determine T,(H) and T*(H). Ift € T;(H), then TO) A {uy,u2} £ O, TA2) A {uy, un} £ @, 
qs) A {u2,u3} # ©, qii(Aa) A {u2,u3} # D, and chs) A {u1,u3,u4} 4 ©. Please note that T,(H) = 
{T1, T2, 73, Ta}, where 


TY {(u,0.9e(0 927, 9, 9¢H(0.9)27, 9. 9¢'(-9)27), (45, 0,9e(09)27, 0.geH(09)27 9. 9609/27) \ 
T = {(u2,0.9e09)27, 0,.9e(09)27, 9.96009)27) (3, 0,4e0-4)27 9.4et(04)27 9 4e(0-4)2) | 
7 = {(42,0.9e09)27, 9, 9¢H(09)27 9. 9¢00-9)27) (444, 0,4e404)2™, 9.4eH(04)27 9. 4o'(0-4)2) | 
T = {(up, 0.96977, 9.9¢499)27 g.g¢409)27), (y,, 0.400427 9 e427 g getl0-4)20) 


Now T, (34 (0.9610°)?,0.92H09)27,0.9¢'(09)2r) y Br pget42r) _ 


= {ua} {ur ua} and (ae 4000208 
{{uy,u3}, {u2,u3}, {u2, ug}, {uy, uz}, {uy, U3, ug}} and _ GONE Tp (Heeb? 7e"")) for all a € 


(0, t(h(H))], B € (,t(h(H))], ¥ © O F(A(H))], © € (0, (HCH), ® € 0, ph(H))], ¥ € (0, p(H))]. 
Henee, Te(71) ={ aq} 
We now illustrate Lemma 3 through the above example. 


Ap(u1) = h(Az) = T1(w1) = (0.94097, 0,9¢09)27, 9.g¢(0-9)27), 
Ag (ug) = h(Ag) = T1(u3) = (0.909)? 0. g¢H(09)27 Q.geH(09)27), 
Ag (uz) = h(Az) = t2(uz) = (0.9e'0927, 0.9¢(09)27, 9.geH(09)27), 
As (ug) = h(As) = t2(ug) = (0.404)? 0.4e'0-4)27 9 get(04)27)_ 
Ag(u2) = h(Ag) = 73(u2) = (0.9e'99)?7, 0.9609)?" 9.90927), 
As(u4) = h(As) = T3(ug) = (0.420427, 0.4e(04)27, 9) et(04)27), 
As(u1) = h(As) =% uz) = (0.4e 0.4)27¢ 0.4¢(0-4)27 O.4eOA)er) 
Ag(u2) = h(Ag) = Ta(uz) = (0.9e'(09)27, 0.9¢(09)27 9.g¢(0-9)27)_ 
Also note that 

(0.9¢4(0.9)27 9, g¢H(0.9)27 9 get(0.9)27) 0.9e!(0-9)27 9 get(0.9)27 Q gei(0.9)27 

T; A> = {uy}, 
(0.9¢!(0-9)27 9, 9¢!(0.9)27 9, get(0.9)27 ) 4 0.9e!(0.9)27 9) get(0.9)27 Q get(0.9)27 

TF A3 = {us}, 
(0.9¢4(0.9)27 9 g¢H(0.9)27 9 get(0.9)27) Ss 0.9e!(0-9)27 9 get(0.9)27 Q get(0.9)27 

T Aj = {ur}, 
(0.4e!(0-4)27 9,4e!(0-4)27 9, 4e'(0.4)27) 0.4e!(0-4)27 9 Ae!(0.4)27 Q get(0.4)27 

Ty As = {u3}, 
(0.9¢!(0-9)27 9,9¢!(0.9)27 9, g¢t(0.9)27 ) 0.9¢!(0-9)27 9 get(0.9)27 Q get(0.9)27 

T3 A3 => {uz}, 
(0.4e!(0-4)27 9 got(0.4)27 9 got(0.4)27) = 0.4e!(0-4)27 9 get(0.4)27 Q gei(0.4)27 

T3 As => {us}, 
(0.4e!(0-4)27 9,4¢!(0-4)27 9 4e'(0.4)27) 2 0.4e!(0.4)27 9 Ae'(0.4)27 Q 4et(0.4)27 

Ty As = {uy}, 
(0.9¢!(0-9)27 9,9¢!(0.9)27 9, get(0.9)27 ) = 0.9¢!(0-9)27 9 get(0.9)27 Q get(0.9)27 

% A3 = {uz}. 


(0.9¢!(9-9)27 9, 9¢!(0.9)27 9 get(0.9)27) 


Hence ues (H. ) ) (0.9¢!(0.9)27 9, g¢H(0.9)27 9, get(0.9)27) _ {t 
td rs 
(0.9¢!(0-9)27 9, 9¢!(0-9)27 9,get(0.9)27) (0.9¢!(9-9)27 9, g¢t(0.9)27 Q get(0.9)27) (0.9¢!(0-9)27 9, 9¢!(0.9)27 9, get(0.9)27) 
T Ts rT, }={{u, 


4 
(H (0.9¢!(9-9)2 9, 9¢!(0.9)27 9, get(0.9)27) ) 
r ‘ 


u3}, {ur}, {ur}, {uot} = {{ur, us}, (u2}} = T, 
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Table 3. Incidence matrix of H. 


“he hc 
uy —0.7e4(-7)277 9, ge! (0.9) 27 (0,0,1) (0,0,1) 0.4¢1(0-4) 27 
un 0.7¢!(0-7)27 0.9¢!(0.9)27 0.9¢!(0.9)27 0.7¢!(0-7)27 (0, 0, 1) 

U3 (0, 0, 1) (0, 0, 1) 0.9¢!(0.9)27 0.7! (0-7) 27 0.4e!(0.4)27 


U4 (0,0,1) —0.4e4(9-4)27 = (9,0,1) — 0.4e4(0-4)277 — Q get(0-4) 277 


Theorem 3. Let H = (NA) be a CNHG andj € J. If € € T;(H) with j € supp(é), then there exists an 
hyperedge p € A such that 


(i) p(j) =h(e), 

(ii) For Ay € A such that h(Ay) > h(p), MOY ¢ phe), 
(iii) Ej Z p'(), where Ex is an arbitrary hyperedge of H"'°), 
(iv) ¢(7) = eC). 


Corollary 2. Let H = (NA) bea CNHG. If Aj € A satisfies h(A1) > h(p), ala) ¢ pl), then h(Ay) € 
F(H). 


4. Applications 


In this section, we propose the modeling of overlapping communities that exist in different social 
networks through CNHGs. These communities intersect each other when one person belongs to 
multiple communities at the same time. The vertices of the CNHGs are used to represent different 
communities and the hyperlinks of individuals who participate in more than one community are 
illustrated using hyperedges of CNHGs. Here, we define a score function for ranking CNSs by 
considering the truth, indeterminacy, and falsity degrees. 


Definition 28. Let N = (te'?, ie'?, fe'?) be a CNN, the score function S of N is defined as, 


_14#-2i-f , 2n+o-29-y» 


oN) 2 Ar 


where S(N) € [—2,2]. 


4.1. Modeling of Intersecting Research Communities 


Research scholars have different fields of interest and these multiple research interests make 
researchers parts of different research communities at the same time. For example, Mathematics, 
Physics, and Computer Science may be the fields of interest for one researcher at the same time. 
That is how overlapping communities occur in research fields. We use a CNHG to model intersecting 
communities that emerge in different research fields. The vertices of a CNHG represent the different 
research fields and these fields are connected through an hyperedge that represents a research scholar 
who works in the corresponding fields. The corresponding model of intersecting research communities 
is shown in Figure 8. 
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(Fs, 0.9e4(0.3)27 : 0.4e4(0 5)2m 9 7et(0.2)2m) 


(73, 0.860(0.4)5, Cea 
8,0.4de 


7 9.66%(0.3)9, 
» 0.4e4(0.5) 


(0.7) 27 
(0.7)2 O5e4O-D2, 0 5eH(0.2)2n) 


2@) 


(fo? 


Figure 8. Intersecting research communities. 


Here, the truth, indeterminacy, and falsity degrees of each vertex represent the accepted, 
submitted, and rejected articles of that community in a specific period of time that is represented by 
the phase terms. This inconsistent information with periodic nature is given in Table 4. 


Table 4. Periodic behavior of research communities. 


Research Fields Accepted Articles Submitted Articles Rejected Articles 


Fy 0.6¢!(0.6)27 0.6¢!(0-3)27 0.5¢!(0.4)27 
Py 0.7¢!(0.5)27 0.3¢!(0.7)27 0.5¢!(0.4)27 
Fs 0.8¢!(0.4)27 0.6¢e!(0-3)27 0.4¢!(0.5)27 
Fy 0.8¢!(0.4)27 0.6¢!(0-7)27 0.7¢!(0.5)27 
Fs 0.9¢e!(0.3)27 0.4¢!(0-5)27 0.7¢!(0.2)27 
Fe 0.6¢e!(0.5)27 0.3¢!(0.4)27 0.7¢!(0.1)27 
Fy 0.4¢!(0.5)27 0.3¢!(0.2)27 0.6¢e!(0.3)27 
Fz 0.4¢!(0.7)27 0.5¢!(0-1)27 0.5¢!(0.2)27 
Fo 0.4e!(0.3 2m 0.4e! 0.4)27 0.6e!(0:3 2m 
Fig 0.4e!(0.5 2m 0.5e 0.2)27 0.7¢e!(0.3 2m 


Please note that number of accepted, submitted, and rejected articles of community F, are 0.6, 0.6, 
and 0.5, and the corresponding behaviors repeat after (0.6)27r, (0.3)27r, and (0.4)27r periods of time, 
respectively, and so on. The research scholar A; belongs to communities F,, Fy, and F3 as he shares 
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these three fields of interest. Similarly, Az belongs to F; and Fg and the communities overlap with each 
other. The indeterminate information about a researcher is calculated using CNRs given as, 


Ai({Fi, Fo, Fs}) = (0.6e!(02)2%, 9,3¢03)27, Q.ge'(0.2)27), 
Az({F3, Fg}) 0.4eH(03)27 9 5eH(0-1)27 9 4e'(0.2)27)_ 
A3({ Fi, Fa}) 0.6e!(0:3)27 9 4e'(0.2)27 9 79H(04)2) 

Aa({Fs, Fs, Fo}) 0.4e(0-3)27 9.360127, 9. 7¢H(0.2)27), 

As({Fs, Fz, Fio}) Ome Or gets g7eOe 7), 
Ae({Fs, Fo, Fio}) = (O.4e(09)27 0.4e0-1)27 9. 7¢H(03)27) 


It shows the researcher represented by A has 0.6 accepted, 0.3 submitted, and 0.4 rejected articles 
within some specific periods of time. The line graph of intersecting communities as given in Figure 8 is 
shown in Figure 9. Here, the nodes represent the individuals and the communities are described by 
the links of same color. 


(A1, 0.6e!(-2)2* , 9,3¢4(0-3)2" 9, 4e(0-2)2x) (d2, 0.4e(0-3)2m 9 5et(0-1)27 | 0.4e(0-2)27) Qs, 0.6e!(0-3)2% Q 4et(0-2)2m | 0.7¢!(0-4)27) 


4e'(0-2)2m 9 364(0.1)2m Gy 4or(0.2 


(Aa, 0.4e4(0-3)27 9 3e4(0.1)27 | 0.7e4(0-2)27) Os, 0.4e#(0 3)2m 9 3e4(0.2)2m 9 7¢et(0-3)2m) 1 (se; 0.4e#(0 3) 2m 0.4e'(0-1)2m 9 7¢4(0-3)27 
).4¢e¢(0-3)2% 9 36t(0.1)27 9 7e4(0.3)20 fet(0.3)27 — 3¢t(0.1)20 1(0.3)20 
(0 : 3 ) (0.4e ,0.3e ,0.7e' ) 


Figure 9. Line graph of intersecting research communities. 


This line graph represents the relationships between researchers. The researchers that belong to 
the community F3 are connected through pink edge, members of F, are linked by red edge, members 
of Fig are connected by purple links, cyan and blue edges are used to represent the relation between 
the members of Fs and Fg, respectively. The absence of Fo, F4, Fe, Fy, and Fo in the above graph shows 
that these communities share no common researchers as their members. The membership degrees 
of each edge of this line graph represent the collective work of corresponding researchers. The score 
functions and choice values of a CNG are given as, 


1 ; 1 
Sie = a lh + tin — 2ijn — finl + G2 + Gj — 2 je — Piel, 


1 . 1 
Co = LS t5llt+t—24-flt+ 


[27 + $j — 29; — Yl, 


respectively. The score functions and choice values of researchers represented by the line graph given 
in Figure 9 are calculated in Table 5. 
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Table 5. Score and choice values of complex neutrosophic line graph. 


Sik Ay Ao A3 Na As No Cj 
Ay 0 0.600 0.350 0 0 0 0.450 
Az 0.600 0 0 0.500 0 0.350 0.900 


Az 0.350 0 
As 00.500 
AsO 0 
Ne 0 0.350 


0 0 0 —0.350 

0 0.450 0.450 0.900 
0.450 0 0.450 0.200 

0 0.450 0 —0.050 


The choice values of Table 5 show that Az and A,4 are the most active and efficient participants 
of these research communities. Also, the score values show that A; and Az are the members 
with the strongest interactions between them and can share the most fruitful ideas relevant to 
their corresponding research fields being the participants of intersecting research communities. 
The procedure adopted in our application is described in Algorithm 1. 


Algorithm 1: Selection of a systematic member from intersecting research communities 
1. Input the set of vertices (research communities) Fy, Fo,--- , Fi. 

2. Input the CNS N of vertices such that N(Fy,) = (tpe'?k, ige!?k, fre'Pk), VS ke <j, 

OS th +igt fe <3. 

Input the number of hyperedges (researchers) r of aCNHG H = (WN, A). 

Input the membership degrees of the hyperedges Ey, Ez,--- ,E,. 

5. Construct a complex neutrosophic line graph 1(H) = (Vj, A;) whose vertices are the r 
hyperedges E1, E2,--- , En such that Nj(En) = A(En). 

6. If |supp(Aj) Nsupp(Ax)| = 1, then draw an edge between E; and E; and A; (EjEx) = 
(min {t, (Ej), ta (Eq) pe mint Pa (Es) aE}, min {ig (Ej), in (Ex) fet mint oa (Ei) Pa(EWS, max fy (E;), 
fr(Ex) permartha (Epa (Ee) }), 


7. Input the adjacency matrix I = [(tmn,imn, fmn)|rxr of vertices of complex neutrosophic line 


ee 


graph I(H). 
8. do m from 1 > r 
9. Cm = 0 
10. don from 1 > r 
11. Simm = 51 + tn — 2tinn Tria ii [270 + Pinn 29mn ee 
12. Ca = Cat Sik 
13. end do 
14. Cm = Cn 5(1 + tin — Zim fm i [27 + Pn — 29m Ym 
15. end do 
16. The vertex with highest choice value in /(#) is the most effective researcher among all the 
participants. 


4.2. Influence of Modern Teaching Strategies on Educational Institutes 


Teaching strategies are defined as the methods, techniques, and procedures that an educational 
institute use to improve its performance. An educational institute can be judged according to its 
inputs and outputs that are highly affected through the teaching techniques adopted by that institute. 
Traditional teaching methods mainly depends on textbooks and emphasizes on basic skills while the 
modern techniques are based on technical approach and emphasizes on creative ideas. Thus, modern 
teaching is very important and most effective in this technological era. Presently, educational 
institutes are modified through modern teaching strategies to enhance their outputs and these modern 
techniques play a vital role for teachers to explain the concepts in more effective and radiant manner. 
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Here, we consider a CNHG model H = (NV, A) to study the influence of modern teaching methods ona 
specific group of institutes in a time frame of 12 months. The vertices of a CNHG represent the different 
teaching strategies and these techniques are grouped through an hyperedge if they are applied in the 
same institute. Since more than one institute can adopt a same strategy so the intersecting communities 
occur in this case. Each strategy is different form the other in terms of its positive, neutral, and negative 
impacts on students. The truth, indeterminacy, and falsity degrees of each strategy represent the 
positive, neutral, and negative effects of the corresponding technique on some institute during the time 
period of 12 months. The indeterminate information about modern teaching strategies with periodic 
nature is given in Table 6. 


Table 6. Impacts of modern teaching strategies. 


Teaching Strategy Positive Effects Neutral Behavior Negative Effects 


Brain storming 0.8¢!(10/12)27 0.7¢!(7/12)27 0.1¢!(1/12)2n 
Micro technique 0.6¢!(4/12)27 0.6¢4(3/12)27 0.1¢!(1/12)2n 
Mind map 0.6¢e!(6/12)27 0.3¢!(5/12)27 0.7e!(7/12)27 
Cooperative learning 0.8¢!(10/12)27 0.7¢!(7/12)27 0.1¢!(1/12)2n 
Dramatization 0.5¢!(3/12)27 0.3e!(3/12)27 0.2¢!(2/12)2n 
Educational software 0.8¢!(10/12)27 0.3¢4(3/12)27 0.2¢!(1/12)2n 


Please note that the membership values (0.8¢!(10/12)27 0.7e!(7/12)27 | O.1¢'(1/12)27) of brainstorming 
show that this teaching technique has positive influence with degree 0.8 and this effect spreads over 
ten months, the indeterminacy value represents the neutral effect or indeterminate behavior with 
degree 0.7 with time interval of seven months, and the falsity degree 0.1 illustrates some negative 
effects of this strategy that spreads over one month. Similarly, the effects of all other strategies can be 
seen form Table 6 along with their time periods. An hyperedge of a CNHG represent some institute in 
which the corresponding techniques are applied. The model of CNHG grouping these strategies is 
shown in Figure 10. 

Here, each hyperedge represents an institute which groups the strategies adopted by that institute 
and the membership degrees of each hyperedge represent the combined effects of teaching strategies 
on corresponding institute. We now want to find a strategy or a collection of those techniques which 
are easy to apply, less in cost, and have higher positive effects on the performance of educational 
institutes. To find such methods, we calculate the minimal transversal of CNHG given in Figure 10 
using Algorithm 2. 


Algorithm 2: Find a minimal complex neutrosophic transversal 


Input the CNSs A1,A2,--- , A; of hyperedges. 
Input the membership degrees of hyperedges. 
do j from 1 — r 
h(Aj 
S; = A i) 
S= SUS; 
end do 
Take t as the CNSS with support S. 
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Figure 10. Complex neutrosophic hypergraph model of modern teaching strategies. 


By following Algorithm 2, we construct a minimal CNT of H = (NV,A). 
We have five hyperedges Fj, EF ,£3,E4,E5 of H. The heights of all complex neutrosophic 
hyperedges are given as, 


(Ay) = (0be Oe" o7e BPs ogee en). hy: aa) = {Brain storming}, 

h(Az) = (0.7¢e'10/12)27 9 GeH(7/12)2% Qyel(1/12)2n) a 4h) = {Brain storming}, 

h(A3) = (0.8e!(10/12)27 Q 3¢H(3/12)27 Q aeH(1/12)2m) ho = {Educational software}, 

(Ag) = (0.8e'10/12)27 9 7e(7/12)27 Q qel(1/12)2r) 9 io = {Cooperative learning}, 

h(As) = (0.8e410/12)27 9. 7eH7/12)2m Q qel(1/12)2r) a, 08 = {Brainstorming, Cooperative learn. }. 
S = ABM) Aha) U ahs) U ahs) U ahs) 


= {Brainstorming, Cooperative learning, Educational software}. 


The CNS with support S is given as, 


{ (Brain storming, 0.8¢!(10/12)27 9.7¢(7/12)27 Q qel(1/12)2r) (Cooperative learning, 0.8¢'(10/12)2 
0.7¢e!(7/12)27, gage), (Educational software, 0.8¢!(10/12)27 9g 3¢H(3/12)27 Q aeH(1/12)27)\ 


which is the minimal C 


NT of H = (N,A) and it shows that brainstorming, cooperative learning, 
and educational software are the most influential teaching strategies for the given period of time. 
Thus, for some certain period of time, an influential and effective collection of modern teaching 
techniques can be determined. 
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5. Comparative Analysis 


A CNS is characterized by truth, indeterminacy, and falsity degrees which are the combination 
of real-valued amplitude terms and complex-valued phase terms. To prove the flexibility and 
generalization of our proposed model CNHGs, we propose the modeling of social networks through 
CNGs, CFHGs, and CIFHGs. Consider a part of the social network as described in Section 4.2. 
Here, we consider only three modern techniques that are brainstorming, cooperative learning, 
and educational software. A CFHG model of these techniques is given in Figure 11. 


(Cooperative learning, 0.8¢(10/12)27) 


u(10/12)2x 


(Educational software, 0.8e 


(Brain storming, 0.8¢'(10/1)?7) 


Figure 11. Complex fuzzy hypergraph model of teaching techniques. 


Please note that a CFHG model of intersecting techniques just illustrates the positive effects of 
these methods during a specific time interval. We see that a CFHG model fails to describe the negative 


effects of teaching strategies. To describe the positive as well as negative effects of these strategies, 
we use a CIFHG model as shown in Figure 12. 
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Figure 12. Complex intuitionistic fuzzy hypergraph model of teaching techniques. 


This shows that a CIFHG model can well describe the positive and negative impacts of modern 
techniques on educational institutes but it cannot handle the situations when there is no effect during 
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some time interval or there is indeterminate behavior. To handle such type of situations, we use a 
complex neutrosophic model as shown in Figure 13. 


(Brain storming, 0.8¢!(19/12)27 9, 2¢(10/12)2m Q 3¢4(10/12)2m 


(Educational software, 0.8¢t(10/12)27 | 0.1et(10/12)27 a 0.4et(10/12)2m ) 


IX 
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Figure 13. Complex neutrosophic graph model of modern techniques. 


Please note that a CNG model describe the truth, indeterminacy, and falsity degrees of impacts 
of teaching methods for some specific interval of time and proves to be a more generalized model as 
compared to CF and CIF models. Figure 13 shows that A, institute adopts the modern methods such 


as educational software and cooperative learning. Now, if an institute wants to use more than two 
strategies then this model fails to model the required situation. For example, A; wants to adopt the all 
three modern teaching techniques. Then, we cannot model this social network using a simple graph. 
To handle such type of difficulties, i.e., for the modeling of indeterminate information with periodic 
nature existing in social hypernetworks, we have proposed CNHGs. The applicability and flexibility 
of our proposed model can be seen from Table 7. 


Table 7. Comparative analysis. 


Hyperedge Containing 


Models Three Strategies Positive Effect Neutral Behavior Negative Effect 
{Brain storming, 0.8e!(10/12)27 7 2 
CFHG model M1 Cooperative learning, 0.8¢!(10/12)27 E _ 
Educational software} 0.8¢e!(10/12)2z - e 
{Brain storming, 0.8e!(10/12)27 : 0).3¢t(10/12)27 
CIFHG model Ay Cooperative learning, 0.8e!(10/12)27 : 0.5e!(10/12)27 
Educational software} 0.8e!(10/12)27n = 0.4e!(10/12)27 
Cannot 
combine - 0.8e!(10/12)27n 0.2¢t(10/12)27 0.3¢!(10/12)27 
CNG model more - 0.8¢!(10/12)27 0.3¢e!(10/12)27 0.5e!(10/12)27 
than two - 0.8¢!(10/12)27 0.1¢!(10/12)27 0.4e!(10/12)27 
elements 
{Brain storming, 0.8e!(10/12)27 0.2e!(10/12)27 0.3¢!(10/12)27 
CNHG model Ay Cooperative learning, 0.8¢e!(10/12)27 0.3¢!(10/12)27 0.5¢!(10/12)27 
Educational software} 0.8¢!(10/12)27 0.1e!(10/12)27 0.4e!(10/12)27 


6. Discussions 


It can be seen clearly from Table 7 that all existing models, including CNGs, CFHGs, and CIFHGs 
lack some information to handle the periodic and indeterminate data in case of hypernetworks. Table 7 
shows that a CFHG model can illustrate the combine effects of three different techniques through a 


hyperedge. The truth degrees 0.8e"( 


10/12)27 


of these techniques show that these methods provide very 
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good influence which spread over ten months but this model fails to describe the negative effects of 
some teaching technique happening periodically. A CIFHG model is then used to overcome such type 


of deficiencies. The falsity degree 0.4¢!(10/12)27 of 


educational software” shows that this technique 
has some negative effects that spread over ten months. The failure of CIFHG model appears when 
neither positive nor negative effects or neutral effects of periodic nature are experienced because 
some information does not have only truth and falsity degrees but also some indeterminacy degrees 
which are independent of each other. For example, a 20° temperature in summer means a cool 
day and in winter means a warm day but neither cool nor warm day in spring. This phenomenon 
indicates that some real-life situations may have indeterminacy and periodicity along with uncertainty. 
To handle such type of phenomena, a CNS model is more flexible and applicable. As we have seen 
from Table 7 that a CNG illustrates the positive and negative as well as indeterminate effects of 
under consideration teaching strategies applied to different institutes. The membership degrees 
(0.8¢/(10/12)27 Q, det(10/12)27 Q 3¢4(10/12)27) show that some particular technique has 0.8 positive effects, 
0.2 neutral effects, and 0.3 negative effects on some institute and all these effects spread over ten 
months. The main drawback of a CNG model is that a single edge can connect only two vertices, 
i.e., if we consider the teaching techniques as vertices and these vertices (techniques) are connected 
through an edge if they are adopted by a same institute. Then, a CNG model cannot illustrate the 
situation when more than two techniques are applied to a single institute. In modeling of such type of 
hypernetworks with indeterminacy of periodic nature, we propose a CNHG model. It can be seen 
clearly from Table 7 that our proposed model is more generalized framework as it does not only 
deal the reductant nature of imprecise information but also includes the benefits of hypergraphs. 
Hence, a CNHG model combines the fruitful effects of CNSs and hypergraph theory. 


7. Conclusions and Future Directions 


A CNS extends the concept of SVNS from real unit interval [0,1] to the complex plane and is used 
to represent two-dimensional imprecise and indeterminate information. A CNS plays a vital role in 
modeling the real-life applications where the truth, indeterminacy, and falsity degrees of given data 
are periodic in nature. Thus, a CNS is more effective and generalized framework to deal the periodic 
nature of indeterminacy where the CFS and CIFS fail. For example, a wave particle such as an electron 
can be in two different positions at the same time and the CFS is not able to deal with this phenomenon. 
A CIFS can only represent the information involving the information of the type: “yes” or “no” 
occurring periodically. These models fail to deal the information that is neither true nor false or true 
and false at the same time. A CNS model is more effectively used to deal such type of situations in our 
daily life. In this paper, we have defined CNHGs which generalize the concepts of CFHGs and CIFHGs. 
We have studied the level hypergraphs, lower truncation, upper truncation, and transition levels of 
CNHGS. Furthermore, we have defined T-related CNHGs and discussed their certain properties. 
We have illustrated the proposed ideas through some concrete examples. Moreover, we have presented 
the modeling of certain social networks with intersecting communities using CNHGs. We have 
determined a strong participant in overlapping research communities by defining the score and choice 
values of CNGs. We have also determined the collection of most influential teaching strategies using 
the minimal transversals of CNHGs. Finally, we have proved the novelty and applicability of this work 
by giving a brief comparison of our proposed model with other existing models. We have seen that the 
main drawback of CFHG models is that they cannot deal the falsity and indeterminate information 
existing in a periodic manner. Similarly, a CIFHG fails to handle the situations when the indeterminate 
and inconsistent information is happening repeatedly. The proposed analysis proved the dominance of 
CNHG model to all other existing models by comparing the applicability of CFHGs, CIFHGs, CNGs, 
and CNHGs using numeric examples as well as some theoretic results. 

We aim to broaden our study to (1) Complex bipolar fuzzy hypergraphs, (2) Complex bipolar 
neutrosophic hypergraphs, (3) Complex fuzzy soft hypergraphs and (4) Complex Pythagorean fuzzy 
soft hypergraphs. 
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